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4.2  Rational Numbers
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In this lecture:
qPart 1: Rational and irrational Numbers
q Part 2: Proving Properties of Rational Numbers 
q Part 3: Using rational numbers in Programing
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Is 10/3 a rational number?
Is -(5/39) a rational number?  
Is 0.281 a rational number?
Is 7 a rational number?
Is 0 a rational number?
Is 2/0 a rational number?
Is 2/0 an irrational number?
Is 0. 1212... a rational number (where 12 are assumed to repeat forever)?
If m, n are integers and neither m nor n is zero, is (m + n)/mn a rational number?
Is ( Sqr root of 2) an rational number?

Example

Relational and Irrational Numbers

4.2 Direct Proof and Counterexample II: Rational Numbers 163

55. Every positive integer can be expressed as a sum of three or
fewer perfect squares.

56.✶H (Two integers are consecutive if, and only if, one is one
more than the other.) Any product of four consecutive inte-
gers is one less than a perfect square.

57. If m and n are positive integers and mn is a perfect square,
then m and n are perfect squares.

58. The difference of the squares of any two consecutive inte-
gers is odd.

59. For all nonnegative real numbers a and b,
√

ab = √a
√

b.
(Note that if x is a nonnegative real number, then there is a

unique nonnegative real number y, denoted
√

x , such that
y2 = x .)

60. For all nonnegative real numbers a and b,
√

a + b = √a +
√

b.

61. Suppose that integers m and n are perfect squares. Then
m + n + 2

√
mn is also a perfect square. Why?

62.✶H If p is a prime number, must 2p − 1 also be prime? Prove
or give a counterexample.

63.✶ If n is a nonnegative integer, must 22n + 1 be prime? Prove
or give a counterexample.

Answers for Test Yourself
1. it equals twice some integer 2. it equals twice some integer plus 1 3. n is greater than 1 and if n equals the product of any
two positive integers, then one of the integers equals 1 and the other equals n. 4. a counterexample 5. particular but arbitrarily
chosen element of the set; x satisfies the given property 6. x is a particular but arbitrarily chosen element of the set D that makes
the hypothesis P(x) true; x makes the conclusion Q(x) true.

4.2 Direct Proof and Counterexample II: Rational Numbers

Such, then, is the whole art of convincing. It is contained in two principles: to define all
notations used, and to prove everything by replacing mentally the defined terms by their
definitions. — Blaise Pascal, 1623–1662

Sums, differences, and products of integers are integers. But most quotients of integers
are not integers. Quotients of integers are, however, important; they are known as rational
numbers.

• Definition

A real number r is rational if, and only if, it can be expressed as a quotient of two
integers with a nonzero denominator. A real number that is not rational is irrational.
More formally, if r is a real number, then

r is rational ⇔ ∃ integers a and b such that r = a
b

and b ̸= 0.

The word rational contains the word ratio, which is another word for quotient. A rational
number can be written as a ratio of integers.

Example 4.2.1 Determining Whether Numbers Are Rational or Irrational

a. Is 10/3 a rational number?

b. Is− 5
39 a rational number?

c. Is 0.281 a rational number?

d. Is 7 a rational number?

e. Is 0 a rational number?
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Examples of Irrational Numbers

1. π =3.1415926535897932384… (Is approximately 22/7 ).

2.  √2 =1.4142135623730951…       (Is approximately 14/10 ). 

3.  √3 =1.7320508075688772…       (Is approximately 17/10 ).

4.  √5 =2.23606797749979…            (Is approximately 22/10 ).  

5.  √7 =2.6457513110645907…         (Is approximately 26/10 ).

6.  phi=φ =(1+ √5)/2=1.61803398875…          ”ةیبھذلا ةبسنلا“

7. e =2.718281828…         “يریبینلا ددعلا”

References:-
([BOOK] Numbers: rational and irrational) 
(study.com/academy/lesson/what-is-the-golden-ratio-in-math-definition-examples.html) {6}
(mathforum.org/dr.math/faq/faq.e.html) {7}

Prepared by Student Thana’ 
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3.2 Direct Proof and Counterexample II: Rational Numbers 143

Note that you can use an argument similar to this one to show that any repeating
decimal is a rational number. In Section 7.3 we show that any rational number can be
written as a repeating or terminating decimal.

i. Yes, since m and n are integers, so are m + n and mn (because sums and products of
integers are integers). Also mn # 0 by the zero product property. (One version of
this property says that if neither of two real numbers is 0, then their product is also not
0. See exercise 8 at the end of this section.) It follows that (m + n)/mn is a quotient
of two integers with a nonzero denominator and hence is a rational number. U

More on Generalizing from the Generic Particular
Some people like to think of the method of generalizing from the generic particular as
a challenge process. If you claim a property holds for all elements in a domain, then
someone can challenge your claim by picking any element in the domain whatsoever and
asking you to prove that that element satisfies the property. To prove your claim, you
must be able to meet all such challenges. That is, you must have a way to convince the
challenger that the property is true for an arbitrarily chosen element in the domain.

For example, suppose "A" claims that every integer is a rational number. "B" chal-
lenges this claim by asking "A" to prove it for n = 7. "A" observes that

7
7 = which is a quotient of integers and hence rational.

"B" accepts this explanation but challenges again with n -1 2. "A" responds that

-12
-12 which is a quotient of integers and hence rational.

Next "B" tries to trip up "A" by challenging with n = 0, but "A" answers that

0
0 = which is a quotient of integers and hence rational.

As you can see, "A" is able to respond effectively to all "B"s challenges because "A" has a
general procedure for putting integers into the form of rational numbers: "A" just divides
whatever integer "B" gives by 1. That is, no matter what integer n "B" gives "A", "A"
writes

nn = which is a quotient of integers and hence rational.

This discussion proves the following theorem.

Theorem 3.2.1
Every integer is a rational number.

In exercise I I at the end of this section you are asked to condense the above discussion
into a formal proof.
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Integers are rational numbers 
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(See Theorem T11 in Appendix A and exercise 8 at the end of this section.) It follows
that (m + n)/mn is a quotient of two integers with a nonzero denominator and hence
is a rational number. ■

More on Generalizing from the Generic Particular
Some people like to think of the method of generalizing from the generic particular as
a challenge process. If you claim a property holds for all elements in a domain, then
someone can challenge your claim by picking any element in the domain whatsoever and
asking you to prove that that element satisfies the property. To prove your claim, you
must be able to meet all such challenges. That is, you must have a way to convince the
challenger that the property is true for an arbitrarily chosen element in the domain.

For example, suppose “A” claims that every integer is a rational number. “B” chal-
lenges this claim by asking “A” to prove it for n = 7. “A” observes that

7 = 7
1

which is a quotient of integers and hence rational.

“B” accepts this explanation but challenges again with n = −12. “A” responds that

−12 = −12
1

which is a quotient of integers and hence rational.

Next “B” tries to trip up “A” by challenging with n = 0, but “A” answers that

0 = 0
1

which is a quotient of integers and hence rational.

As you can see, “A” is able to respond effectively to all “B”s challenges because “A” has a
general procedure for putting integers into the form of rational numbers: “A” just divides
whatever integer “B” gives by 1. That is, no matter what integer n “B” gives “A”, “A”
writes

n = n
1

which is a quotient of integers and hence rational.

This discussion proves the following theorem.

Theorem 4.2.1

Every integer is a rational number.

In exercise 11 at the end of this section you are asked to condense the above discussion
into a formal proof.

Proving Properties of Rational Numbers
The next example shows how to use the method of generalizing from the generic partic-
ular to prove a property of rational numbers.

Example 4.2.2 A Sum of Rationals Is Rational

Prove that the sum of any two rational numbers is rational.

Solution Begin by mentally or explicitly rewriting the statement to be proved in the form
“∀ , if then .”
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In this lecture:
qPart 1: Rational and irrational Numbers
q Part 2: Proving Properties of Rational Numbers 
q Part 3: Using rational numbers in Programing
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Proving Properties of Rational Numbers

166 Chapter 4 Elementary Number Theory and Methods of Proof

Formal Restatement: ∀ real numbers r and s, if r and s are rational then r + s is rational.

Next ask yourself, “Where am I starting from?” or “What am I supposing?” The answer
gives you the starting point, or first sentence, of the proof.

Starting Point: Suppose r and s are particular but arbitrarily chosen real numbers such
that r and s are rational; or, more simply,

Suppose r and s are rational numbers.

Then ask yourself, “What must I show to complete the proof?”

To Show: r + s is rational.

Finally ask, “How do I get from the starting point to the conclusion?” or “Why must r + s
be rational if both r and s are rational?” The answer depends in an essential way on the
definition of rational.

Rational numbers are quotients of integers, so to say that r and s are rational means
that

r = a
b

and s = c
d

for some integers a, b, c, and d
where b ̸= 0 and d ̸= 0.

It follows by substitution that

r + s = a
b

+ c
d

.

You need to show that r + s is rational, which means that r + s can be written as a single
fraction or ratio of two integers with a nonzero denominator. But the right-hand side of
equation (4.2.1) in

a
b

+ c
d

= ad
bd

+ bc
bd

rewriting the fraction with a common
denominator

= ad + bc
bd

adding fractions with a common
denominator.

Is this fraction a ratio of integers? Yes. Because products and sums of integers are inte-
gers, ad + bc and bd are both integers. Is the denominator bd ̸= 0? Yes, by the zero
product property (since b ̸= 0 and d ̸= 0). Thus r + s is a rational number.

This discussion is summarized as follows:

Theorem 4.2.2

The sum of any two rational numbers is rational.

Proof:

Suppose r and s are rational numbers. [We must show that r + s is rational.] Then,
by definition of rational, r = a/b and s = c/d for some integers a, b, c, and d with
b ̸= 0 and d ̸= 0. Thus

r + s = a
b

+ c
d

by substitution

= ad + bc
bd

by basic algebra.
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Derive the following as a corollary of Theorem 4.2.2. 

Example

Solution:

168 Chapter 4 Elementary Number Theory and Methods of Proof

Example 4.2.4 The Double of a Rational Number

Derive the following as a corollary of Theorem 4.2.2.

Corollary 4.2.3

The double of a rational number is rational.

Solution The double of a number is just its sum with itself. But since the sum of any two
rational numbers is rational (Theorem 4.2.2), the sum of a rational number with itself is
rational. Hence the double of a rational number is rational. Here is a formal version of
this argument:

Proof:

Suppose r is any rational number. Then 2r = r + r is a sum of two rational numbers. So,
by Theorem 4.2.2, 2r is rational. ■

Test Yourself
1. To show that a real number is rational, we must show that

we can write it as _____.
2. An irrational number is a _____ that is _____.

3. Zero is a rational number because _____.

Exercise Set 4.2
The numbers in 1–7 are all rational. Write each number as a
ratio of two integers.

1. −35
6

2. 4.6037 3.
4
5

+ 2
9

4. 0.37373737 . . .

5. 0.56565656 . . .

6. 320.5492492492 . . .

7. 52.4672167216721 . . .

8. The zero product property, says that if a product of two real
numbers is 0, then one of the numbers must be 0.
a. Write this property formally using quantifiers and

variables.
b. Write the contrapositive of your answer to part (a).
c. Write an informal version (without quantifier symbols

or variables) for your answer to part (b).

9. Assume that a and b are both integers and that a ̸= 0
and b ̸= 0. Explain why (b − a)/(ab2) must be a rational
number.

10. Assume that m and n are both integers and that n ̸= 0.
Explain why (5m + 12n)/(4n) must be a rational number.

11. Prove that every integer is a rational number.

12. Fill in the blanks in the following proof that the square of
any rational number is rational:

Proof: Suppose that r is (a) . By definition of rational,
r = a/b for some (b) with b ̸= 0. By substitution,

r 2 = (c) = a2/b2.

Since a and b are both integers, so are the products a2 and
(d) . Also b2 ̸= 0 by the (e) . Hence r 2 is a ratio of two

integers with a nonzero denominator, and so (f ) by defi-
nition of rational.

13. Consider the statement: The negative of any rational num-
ber is rational.
a. Write the statement formally using a quantifier and a

variable.
b. Determine whether the statement is true or false and jus-

tify your answer.

14. Consider the statement: The square of any rational number
is a rational number.
a. Write the statement formally using a quantifier and a

variable.
b. Determine whether the statement is true or false and jus-

tify your answer.

Determine which of the statements in 15–20 are true and which
are false. Prove each true statement directly from the defi-
nitions, and give a counterexample for each false statement.
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Suppose you already proved the following properties of even and odd integers:

1. The sum, product, and difference of any two even integers are even. 

2. The sum and difference of any two odd integers are even.

3. The product of any two odd integers is odd.

4. The product of any even integer and any odd integer is even.

5. The sum of any odd integer and any even integer is odd.

6. The difference of any odd integer minus any even integer is odd. 

7. The difference of any even integer minus any odd integer is odd.

Use the properties listed above to prove that if a is any even integer and b 

is any odd integer, then                         is an integer.

4.2 Direct Proof and Counterexample II: Rational Numbers 167

Let p = ad + bc and q = bd . Then p and q are integers because products and sums
of integers are integers and because a, b, c, and d are all integers. Also q ̸= 0 by the
zero product property. Thus

r + s = p
q

where p and q are integers and q ̸= 0.

Therefore, r + s is rational by definition of a rational number. [This is what was to be
shown.]

■

Deriving New Mathematics from Old
Section 4.1 focused on establishing truth and falsity of mathematical theorems using
only the basic algebra normally taught in secondary school; the fact that the integers are
closed under addition, subtraction, and multiplication; and the definitions of the terms in
the theorems themselves. In the future, when we ask you to prove something directly
from the definitions, we will mean that you should restrict yourself to this approach.
However, once a collection of statements has been proved directly from the definitions,
another method of proof becomes possible. The statements in the collection can be used
to derive additional results.

Example 4.2.3 Deriving Additional Results about Even and Odd Integers

Suppose that you have already proved the following properties of even and odd integers:

1. The sum, product, and difference of any two even integers are even.

2. The sum and difference of any two odd integers are even.

3. The product of any two odd integers is odd.

4. The product of any even integer and any odd integer is even.

5. The sum of any odd integer and any even integer is odd.

6. The difference of any odd integer minus any even integer is odd.

7. The difference of any even integer minus any odd integer is odd.

Use the properties listed above to prove that if a is any even integer and b is any odd

integer, then a2+b2+1
2 is an integer.

Solution Suppose a is any even integer and b is any odd integer. By property 3, b2 is odd,
and by property 1, a2 is even. Then by property 5, a2 + b2 is odd, and because 1 is also
odd, the sum (a2 + b2) + 1 = a2 + b2 + 1 is even by property 2. Hence, by definition
of even, there exists an integer k such that a2 + b2 + 1 = 2k. Dividing both sides by 2

gives a2+b2+1
2 = k, which is an integer. Thus a2+b2+1

2 is an integer [as was to be
shown]. ■

A corollary is a statement whose truth can be immediately deduced from a theorem
that has already been proved.
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Deriving Additional Results about Even and Odd Integers

è Try it at home
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Real Numbers In Programing: Example 1

What would be the datatype of the following

#Define P = 3.14
void main()
{    int a; float b; x ?

x = a+ b+ P
printf(“The sum is: %?\n”, x)

}

14,

Real Numbers In Programing: Example 2

int main (void)
{

int j, a, b;
Double x;
scanf (“%d”, a);
scanf (“%d”, b);
x = (a*a + b*b + 1)/2;
Y = (int) x 
X = floor(x)+1;
If (x % 2== 0) | (x % 1 == 0)
For (j = 1; j<y; ++j)

Prinf(“*”);
retrun (0);

}

When this program produces an error?

add this statement 
to prevent errors!

è Number theory helps you write more robust programs

Revise example
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Real Numbers in Real Life
Read at home

Two mechanics were working on a car. One can complete a given 
job in 6 hours. But, the new guy takes 8 hours. They work 
together for first two hours. But then, the first guy left to help 
another mechanic on a different job. How long will it take for the 
new guy to finish the car work?

The first guy can do 1/6 part of job per hour and the second guy can do 1/8 part of job per 
hour and together they can do 1/6 + 1/8part of job per hour. Now, let ’t’ hours is the time to 
complete the car job. So, 1/t job will be completed per hour, Equating the two expressions, we 
get:
1/6 + 1/8 = 1/t
7/24 = 1/t
As they work for 2 hours, 2 . 7/24 = 14/24 part of job will be done. 
The work remaining is 1 - 1/t = (1 - 14/24)
= 10/24
∴ 10/24 job is left which has to be completed by the second guy, who will take 10/24 ÷ 1/8
= 40/12
= 10/3
= 3.33 hours to complete the car job.


